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We consider the gravitational effects of a single, fixed-norm, Lorentz-violating 

Q\ ■ 

t^j- ' timelike vector field. In a cosmological background, such a vector field acts to rescale 

T— I ! 

t**"* ■ the effective value of Newton's constant. The energy density of this vector field 

1: — — — 

sign, so that the universe experiences a slower rate of expansion for a given matter 

+- > ! 

O ' content. This vector field similarly rescales Newton's constant in the Newtonian 

■ limit, although by a different factor. We put constraints on the parameters of the 

£> ■ 

. !_h I theory using the predictions of primordial nucleosynthesis, demonstrating that the 

XI ■ 

norm of the vector field should be less than the Planck scale by an order of magnitude 

d ; 

or more. 
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I. INTRODUCTION 



Lorentz invariance is a fundamental requirement of the standard model of particle physics, 
verified to high precision by many tests l|. Nevertheless, there exist good reasons to push 
tests of this symmetry to increasing levels of precision. For example, string theory predicts 
that we may live in a universe with non-commutative coordinates |2[, leading to a violation 
of Lorentz invariance j^j]. Furthermore, astrophysical observations suggests the presence of 
high energy cosmic rays above the Greisen-Zatsepin-Kuzmin cutoff H , results which may be 
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explained by a breaking down of Lorentz invariance 
More generally, our ability to test Lorentz invariance to very high precision provides a unique 
window into unknown effects at the Planck scale [17| . 

A straightforward method of implementing local Lorentz violation in a gravitational set- 
ting is to imagine the existence of a tensor field with a non-vanishing expectation value, 
and then couple this tensor to gravity or matter fields. The simplest example of this ap- 
proach is to consider a single timelike vector field with fixed norm. A special case of this 
theory was first introduced as a mechanism for Lorentz-violation by Kostelecky and Samuel 
in Q. In thinner, we will consider the more general theory suggested by Jaoobson and 
Mattingly in [13, |2y|. (In a different context, Bekenstein has proposed a theory of gravity 
with a fixed- norm vector in order to mimic the effects of dark matter 1211 : also, studies 



of vector fields in a cosmological setting without the fixed norm have been done elsewhere 
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This vector field picks out a preferred frame at each point in spacetime, and any matter 
fields coupled to it will experience a violation of local Lorentz invariance For the 

purposes of laboratory tests, it suffices to take the vector field to be a fixed element of 
a background flat spacetime, with constant components in inertial coordinates. In curved 
spacetime, however, there is no natural generalization of the notion of a constant vector field 
(since 'W ^u u = generically has no solutions); we must therefore allow the vector to have 
dynamics, and fix its norm by choosing an appropriate action for the field. 

In this paper we investigate the gravitational effects of such vector fields, especially in the 
context of cosmology. We find a non-trivial impact on the evolution of the universe, namely 
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to decrease the effective value of Newton's constant relative to that measured in the Solar 
System, resulting in a slowing down of the expansion rate for any fixed matter content. 

We begin by deriving the basic equations of motion for the most general theory of a 
fixed-norm vector field u^(x) with an action that is at most second order in the vector and 
its derivatives. We study the resulting theory in the Newtonian limit, showing that it acts 
to rescale the gravitational constant. We then study the Friedmann equations in this theory, 
again finding a rescaling of the gravitational constant but by a different factor. This fact 
allows us to use the precise predictions of Big Bang nucleosynthesis to put a limit on the 
parameters of this theory. We are able to rule out the possibility that the norm of the vector 
is as large as the Planck scale. 

In the course of this paper we refer to some results from a companion paper that focuses 
on the cosmological behavior of perturbations in the vector field fSij . 



II. THE EQUATIONS OF MOTION 

The theory we consider consists of a vector field minimally coupled to gravity, with an 
action of the form 

S = J #Xy/=jj (j^Q- R + C u + An) • (1) 

The parameter is given an asterisk subscript to emphasize that it will not be equal to 
the value of Newton's constant that we would measure either in the Solar System or in 
cosmology. C u is the vector field Lagrange density while C m denotes the Lagrange density 
for all other matter fields. The Lagrange density for the vector consists of terms quadratic 
in the field and its derivatives: 

C u = -AV^V,^ - &(VX) 2 - ft VVV^ + A(it% + m 2 ) . (2) 

Here the fa's are dimensionless parameters of our theory, and A is a Lagrange multiplier field; 
the vector field itself has a dimension of mass. This is a slight simplification of the theory 
introduced by Jacobson and Mattingly (with a slightly different parameterization), as 
we have neglected a quartic self-interaction term (u p V p M At )(u CT V (J u M ). It will be convenient 
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in what follows to express the Lagrangian as 

C u = K^ ap V^V v u p + A(tt% + m 2 ) , (3) 

where 

Kv op = -p l9 » v g ap - frS'S; - (4) 
We also define a current tensor J M CT via 

J\ = K p \ p V v u p . (5) 

Note that the symmetry of K pv ' ap means that J u p = K pv ffp V ' p u° ' . With these definitions, 
the equation of motion obtained by varying the action with respect to u p is 

V M J^ = \u v . (6) 

The equation of motion for A enforces the fixed norm constraint 

u^u p = -m 2 . (7) 

Choosing m 2 > ensures that the vector will be timelike. 

The value of A is determined by the equation of motion for the vector field. This can be 
seen by decomposing the vector equation © into components along and perpendicular to 
u p . Multiplying both sides of (jEJ) by u v and using (J2J), we find 

A = ~u v VpJ' u '. (8) 
mr 

We can also project into a subspace orthogonal to u p by acting the projection tensor P p v = 
m~ 2 u p u v + 5 P on © to obtain 

vTuJVpJ'"' + m 2 V A4 J' v = 0. (9) 

This equation determines the dynamics of u p , subject to the fixed-norm constraint. 
The stress-energy tensor for the vector field is 

T„ v = — — — = -2—^- + g. v C u . 10 

V^g$g pu dg» v M y 1 
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In taking the variation, it is important to distinguish which variables are independent. Our 
dynamical degrees of freedom are the inverse metric g^ v and the contravariant vector field 
m m . If we denote by 5 g the change in a quantity under the variation g^ v — ► g pu + 5g lll/ , the 
variation of the covariant vector u a is given by 



5 g u a = 5 g (g pa u p ) = u p 5 g g pa = -u p g pp g v Jg 



-u p g u Jg 



where we have used the identity 



(12) 



In contrast, the variation of the contravariant vector u p with respect to the metric simply 
vanishes, 

5 g u p = 0. (13) 
The variation of the Lagrange density C u with respect to the metric, keeping fixed, is 



6 g C u = K»\ p 5 g {V p u°)V u u p + K»\ p V p u°5 g {V v u p ) 
+5 g {K p \ p )V p u°V u u p + XSgig^vT). 



(14) 



The first and second terms on the right hand side are identical due to the symmetry properties 
of the K pv ap tensor. To compute them we note that 



5 9 ( vx) = * 9 (dX + V) = (W><\ 



(15) 



The variation of the Christoffel symbol yields 



S g T^ = -- (g up S7Jg pp + g„ P VJg pp + //""V,, v , . 



from which we obtain (ignoring total derivatives) 



K p \ p V v u p 5 g {V p u°) 



Sg *. (17) 



The third term in the right hand side of the variation Eqn. ()14j) is simply 



(16) 



6 g K^ ap = -p 1 (g ap 5 p 6^-g^g c 
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and for the last term we get 

Sgig^u") = -u a up5g af3 . (19) 
Putting everything together, the stress-energy tensor is 

-2[V p (n (M J^)) + V P KJ ( ^))) - V p (n (M J,)0] 

-2m- 2 n CT V p J pCT u^ + <v£ u , (20) 

where we have used Eqn. (JHJ) to replace A. This was first derived in j^ . 

In Minkowski space, a simple solution to the theory is a constant-field configuration, 

u» = (m, 0,0,0). (21) 

It is easy to check that the stress-energy tensor for such a configuration vanishes identically 

III. THE NEWTONIAN LIMIT 

We are ultimately interested in the potentially observable effects of the vector field on 
the expansion of the universe, which we will find to be a rescaling of the effective value 
of Newton's constant. Such an effect would not truly be observable, however, if the same 
rescaling affected our measurements in the Solar System. We therefore begin with an exam- 
ination of the Newtonian limit, in which fields and sources are taken to be both static (no 
time derivatives) and weak (so that we may neglect terms beyond linear order). This limit 
suffices to describe any laboratory measurements of the effective value of Newton's constant, 
which we will denote G^. We note that our results are consistent with 2] where a more 
detailed analysis for a static spherically symmetric system without a source was done using 
the Eddington-Robertson-Schiff Post-Newtonian parameters. 

The metric in the Newtonian limit takes the form 



ds 2 = -(1 + 2§>{x))dt 2 + (1 - 2^{x)){dx 2 + dy 2 + dz 2 ). 



(22) 
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We will look for solutions in which the dynamical vector field is parallel to the timelike 
Killing vector £ M = (1,0,0,0), so the only nonvanishing component will be u°. Given the 
fixed-norm condition, at linear order we have 

u° = (1 - $)m. (23) 

The equation of motion (|SJ) gives us the solution for A at linear order, 

X(x) = /3 3 V 2 $, (24) 

where V 2 is the ordinary three-dimensional Laplacian. It is then straightforward to verify 
that m m satisfies ©• There may, of course, be solutions with nonzero spatial components of 
u^, which we do not consider here. Spatial components were considered in j^, which found 
that in a static spherically symmetric system, the vector field must have radial components 
for it to be consistent when non-linear effects are included. 

A straightforward computation shows that the only nonvanishing component of the stress- 
energy tensor for the vector field (to linear order) is the effective energy density, 

T ( U) = -25V 2 $, (25) 

where we have defined a parameter 

5 = -/W (26) 

that will be convenient for later comparison with the cosmological results. 

In addition to the vector field, we model the matter stress-energy tensor by a static 
distribution of dust; at lowest order, the only nonvanishing component is again the energy 
density, 

T ( m) =p m (x). (27) 

This might describe the Earth, the Sun, or laboratory sources. Note that we have assumed 
no coupling of the matter fields to the vector field. This means that we will not see any 
Lorentz violation in the dynamics of the matter fields, since they do not feel the presence 
of the preferred frame. We imagine that direct interactions can be safely included as a 
perturbation. 
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Einstein's equation in the presence of both matter and the vector field is 

- \R9»v = SttG.CTW + T$\ (28) 

where is the parameter in the action (JTJ. The spatial components of Einstein's equation 
for the metric (|22j) are 

(<%V 2 -<9^)($-^) =0. (29) 

Assuming boundary conditions such that both $ and \l/ vanish at spatial infinity, the unique 
solution is then 

* = $. (30) 

The 00 component yields 

2V 2 $ = 87rG*(T ( u) + T ( m) ) = 87rG*(-25V 2 $ + p m ). (31) 
This can be rewritten in the form of the Poisson equation, 

V 2 $ = 47rG N p m , (32) 

where we have defined 

G 

Gn = l + 8nGJ- (33) 
This is the effective value of Newton's constant that we would actually measure via experi- 
ments within the Solar System. 

We see that local experiments in the Newtonian limit cannot themselves provide any 
constraints on the values of the parameters characterizing our vector-field theory Instead, 
there is a unique rescaling of the strength of the gravitational force; since G* is not directly 
measurable, however, we have no constraint on 5. To actually obtain a constraint we need 
to move beyond the Newtonian limit and consider cosmology 

IV. COSMOLOGICAL SOLUTIONS 

Homogenous and spatially isotropic universes are described by the Robertson- Walker 
metric 

ds 2 = -dt 2 + a 2 (t) {jZ~K-i dr2 + r2dn2 ) ( 34 ) 
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where the curvature parameter K vanishes for a spatially flat universe. For such a metric to 
solve Einstein's equation in the presence of a fixed-norm vector field, the vector must respect 
spatial isotropy, at least in the background (though perturbations will generically break the 
symmetry). Thus the only component that the vector can possess is the timelike component. 
Using the fixed norm constraint (jTjl . the components of the vector field are simply 

u 1 * = (m, 0,0,0), (35) 

just as in flat spacetime. From (jHJ) we then find that the Lagrange multiplier field takes the 
form 

A(t) = -3(A + fa + (3 3 )H 2 + 3/? 2 . (36) 

We model the stress-energy tensor for the matter as a perfect fluid with energy density 
p m and pressure p m , 

T ^ = (Pm + Pmjn^Tlu + p m g^u, (37) 

where is a unit timelike vector field representing the fluid four-velocity. Although we 
refer to "matter," this fluid may consist of any isotropic source; in particular, it can be a 
combination of different components with distinct equations of state. The stress-energy for 
the vector field also takes the form of a perfect fluid, with an energy density given by 

p u = -3aH 2 (38) 

and a pressure 

(39) 

where we have introduced the parameter 

a = (ft + 3ft + ft)m 2 (40) 

and H = a/ a is the Hubble parameter. It is easy to check that the vector field obeys the 
cosmological energy conservation relation p u + 3H(p u + p u ) = 0. 

For the energy density ()38j) of the background vector-field configuration to be positive 
requires a < 0. However, as is shown in a companion paper j^jj, insisting that the perturbed 
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H 2 + 2 
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degrees of freedom have a consistent quantum field theory as well as non-tachyonic and 
non-superluminal behaviour requires (/3i + 3/?2 + P3) > 0, implying the opposite condition: 

a > 0. (41) 

Specifically, the following conditions hold for a well-defined theory: 

Pi > 

(A + & + AO/ft > 

Pi + fo < 0. (42) 

The first of these arises from the need for a positive-definite Hamiltonian for the perturba- 
tions; the next two from demanding non-tachyonic and subluminal propagation of the spin-0 
degrees of freedom, respectively; and the last from insisting that gravity waves propagate 
subluminally. Together these conditions imply that 

P1 + P2 + P3 > (43) 
ft > (44) 

giving us our a > constraint. In particular, the parameter choice fi\ = — /3 3 and /3 2 = 
corresponds to the vector field Lagrangian possessing only the anti-symmetric term 

Cu = -AV^.jV'"/ 1 + X(u 2 + m 2 ) (45) 

which was first considered in j^ . 

The background energy density of the vector field is therefore non-positive. This is by no 
means a disaster, since the vector field itself in the background has no dynamical degrees 
of freedom, much like a negative cosmological constant. As we have mentioned earlier, the 
actual degrees of freedom corresponding to perturbations have a positive energy density and 
a positive norm on their Hilbert space (see also 



35 



36|). 



Including the ordinary matter fields, the Einstein equation = 8nG*(Tffi + T^) 
becomes two equations, 

3 



8ttG, 



a z 



3aH 2 - p m (46) 
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H 2 + 2[-)+ — 


= a 




\aj a _ 







+ Pm- (47) 



Notice that, similar to the Newtonian limit case, the energy density p u is proportional to the 
square of the Hubble parameter. These Friedmann equations can be rewritten as 

H ~ — pm + gZ^ (48) 

d AtcGc , , , . 

- = ^ Pm + 3p m , 49 

a 3 

where the effective Newton's constant is 

Just as in ()33j) . the effect of the vector field is simply to change the observable value of 
Newton's constant, but now by a different parameter. Since a > 0, the net effect of the 
vector field is to decrease the rate of expansion of the universe H, as compared to one 
without the vector field, given the same amount of energy density from other matter fields. 
Meanwhile, since (3% > 0, from (J26)) we must have 5 < 0. We therefore know from (J33j) that 
the effective gravitational constant is increased in the solar system: 

G c < G* < G N . (51) 

The equalities in this expression only hold if a or 5 vanish. The measured value of Newton's 
constant in cosmology will thus always be less than expected from Solar-System measure- 
ments, so long as m 2 ^ 0. 

Note that since we have not specified the behavior of the matter field except to say that 
it is a perfect fluid, this remarkable fact is independent of the form of the matter fields. In 
other words, given any mixture of matter fields, including radiation, dark matter, or any 
other form of exotic matter (even one with non-constant equation of state parameter), the 
energy density of the vector field will track it. This is because the energy density (pressure) 
of the vector field is proportional to the Einstein tensor 00 (ij) term, so the vector field 
mimics the behaviour of the other matter fields present in the universe leading to a rescaling 
of the gravitational constant. This rescaling was first mentioned in 
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V. THE BIG BANG NUCLEOSYNTHESIS SPEED LIMIT 



The different rescalings of Newton's constant in the Solar System versus the universe 
as a whole offer a potential window for observational constraints on the parameters of our 
vector field. Newton's constant enters cosmological observations in different ways, includ- 
ing measurements of the expansion rate in the present universe, the formation of late time 
large-scale structure (e.g |38| ) and the properties of perturbations in the Cosmic Microwave 
Background. However, the most straightforward test comes from the predictions of primor- 
dial abundances from Big Bang nucleosynthesis (BBN). Changes to the effective value of 
Newton's constant are equivalent to the presence of additional (or lack of some) radiation 
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components, leading to a change in the rate of expansion (see e.g. 

Decreasing the rate of cosmic expansion during BBN results in weak interactions freezing- 
out later, leading to a lower freeze-out temperature. This yields a decrease in the production 
of primordial 4 He, and subsequently a lower 4 He to hydrogen H mass ratio Y r . Current 



observational bounds on the primordial helium abundance are given by 



43, 



44, 3 



to be 



\AY P \ < 0.01, 



(52) 



where the deviation is measured from the value calculated via standard BBN with three 
massless neutrino species. Changing the number of effective relativistic degrees of freedom 
(e.g. by giving sufficient mass to one or more neutrino species) affects the expansion rate of 
the universe via the Friedmann equation. It is therefore convenient to quote limits in terms 
of a "cosmic speed-up factor" ( = H/H, where H is the expected (standard) value. The 
speed-up factor is related to the helium abundance via 4(| 



AY p = 0.08(C 2 - 1). 



(53) 



Our theory predicts a speed-up factor 



which implies a bound 



1 + 8nGJ 
l + 87rG*/3 : 

1 



7(2/?x + 3p 2 + p 3 )m 2 < 



8ttG> 



(54) 



(55) 
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Notice that the conditions (pP2j) on the theory parameters fa imply that (2 fa + 3fa + fa) > 0, 
so the left hand side of inequality (|55j) is always greater than zero (or exactly zero, if m = 0). 

This is our observational bound on the properties of the Lorentz-violating vector field. 
Roughly speaking, if the dimensionless parameters fa are of order unity, the norm m of the 
vector field must be less than 10 18 GeV, an order of magnitude below the Planck scale. In 
particular, Planck-scale vector fields are ruled out. 



VI. CONCLUSIONS 



We have found solutions to Einstein's equation in the presence of other matter fields for a 
class of Lorentz-violating, fixed-norm vector field theories, and find that they act to rescale 
the value of Newton's constant. By comparing these rescalings in the Newtonian regime 
to those in cosmology, we find an observable deviation from ordinary general relativity. 
Following this, we use the predictions of BBN to place constraints on the value of the norm 
of this vector field. 

Further constraints on this theory, in addition to those already cited in this paper on the 
fa's, can be derived when we consider its perturbations. In particular, the presence of this 
vector field during inflation will modify the primordial spectrum of perturbations leading 
to observable features on both the temperature and polarization anisotropy spectra of the 
Cosmic Microwave Background. This investigation is the subject of a companion publication 

Q. 
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